
=Transformt complex exponentials estuls = o + jw are eigenfunctions of LTI systems

X () :e-- y(t) = H(solet
h(t)

,
H(s)

We can sample the CT sinusoid to determine a similar eigenfunction for DT systems

DT sampling : Nn] = X (nts)

-> X(n) = e
* Ts

· (edis)" : Lewis)" twi

-> eatsjuts is a scalar constant that we will call

· Iz) : ePTs
,

LE = WTS

-> z : ectsjuts -X(n] :(ii)

↑ DT signal of the form X(n] = z" is anencegenfunction of DT LTI systems

X(m] = zo" -- y(n):) to
h[n]

,
H(z) Y

H(z) ?
Transfer Function of

DT LTI system
The ztransform of h(u]

So
,

if lzl-eats
,

then :

Recall : 3-plane Im[s] : sa

·co -(2)

· 50 - (217
Growth, Redsla

· v = 0 - (z) = 1

↑
8= 0 - Const

. Amplitude



There is an analogous plane in z also - Complex z-plane

-> complex s in est, real part a controls growth/decay , Imag part jo controls phase rotation

-> complex z in z"
, magnitude 121 controls growth/decay , phase Lz controls phase rotation

(z/c - inside unit circle -> exp . deay
1 z1 = 1 - on unit circle -> const amplitude DT sinusoid

12/21 - outside unit circle -> exp . growth

z-plane

-E . GoMe (z)

-plane maps to z-plane

#
Decaying sinusoid-

.



TOn unit circle- > 121 = /

Constant amplitude sinusoid

-in

- -
lightside oe Growing Sinusoid

Recall Laplace transform : Ns) =)He+
· Like a "generalized" Fourier transform - May exist when FT doesn't

· IT- won't work wh DT signals
·We may run into similar situations in DT - want to "transform" signals for which

the DTFT may
not exist

· Try approximating Laplace w/ DT samples wJ sampling period is

-Nz = x(z)

DT "differential" Suppose Ts = /
z-Transform of X[n]

replacing at from integral
Notation :X(z) = z[X(n]3



· From above : X(s) =im TsX(z)
T10

· Laplace transform : Transforms CT signals to complex s-plane

· z-transform :
Transforms DT Signals to complex z-plane

Recall DTFT:inNoticesimilitySerated

on the unit circle

· z-transform plays same role as Laplace for DT signals &systems

· May exist when DTFT does not - helpful for unstable systems analysis

-relativeshipToForri AysState
-> CT FT is Laplace evaluated along ju-axis Cassumes jo-axis in ROC)

z transform : X-eir =xzei= X

- DTFT is z-transform evaluated along unit circle (assumes unit circle in ROC - more later)

Other interpretation of z-transform :

z =
rei - = r

- X(z)
=EXI)(ve@X]rEEXL

-> z-transform is the DTFT of Xin] rn

-> p-h is like a "convergence factor" that helps the DTFT exist



Useful Transforms :

Note : IT and DT Fourier series are

DT Forrier transforms for periodic signals

(s = jw) + Re[s] = 0 axis#
like special cases of the CT and

Unif circle

↑
n =0

Like DTFT,
can easily evaluate w/ direct summation :

- X
,
(7)=2

But at z = 0
,

X
, (2)

i Locallz
except z = 0

-> z-0 not in regionof convergence (ROC) of X
. (7)

-> Like Laplace,
z-transform is not complete who a

ROC

Example: Xc(n) = 32 ,
4

,
5

,
7

,

0
, 13

↑
n = 0

- X(z)=5
z except = = 0 ANDz = e

Generally : ZE6(n-no]] : z for nos0 and ROC: all zo

= [S[u + no]3 = zo for Nos0 and ROC : all Ets



Example: Right-sided sequence

M(n) = au(n) = Gain -Xz)=Xa
-> Power scries : only converges if laz"(1-1zklat

-> If 1zk (a) . X(z) converges to X(z) = Fazt
If 1z(c(al , X(2) - vi X(2) DNE

#m=sinNz)=zi Roc :Las
Left-sided Sequence ? X(n) = - anEn-1) = [0n
- Nz)=
-> Power series : converges if latz(c)-lztal)Wecanprovathii as

-> If Iz/slal, X(z) converges to X(z)=azt
If (z1z (a)

, X(z) + r ; X(z) DNE

=- aIn-1]X(z)=at ROC
: Ikat Roles

Like Laplace .

ROC is required to uniquely specify X(n] from X(z)

* ():Ramlightedvea



Example: X[n] = (2) un]FX(z): i ROC 121

↑z(n) = - (2) "u(-n - 1) =X(z) = Tzz" ; ROGilEl2

n
LetXa(n): X

,
(z) + 42(z)= +T

Two-sided !

a
· Similar to Laplace
-> For Laplace,

ROCs are vertical strips set by boundaries at constant Reds3 = -a

-> In z-transform,

these map to circles/rings set by boundaries at constant radius (2) = /a)

w center of circle at origin

ght-sidedX(n] : ROC will contain all z where 12k1z01 for some zo

-> Outside the circle of radius1z01

·Left-sidedX[] : ROC will contain all z where 121s/2) for some zo

-> Inside the circle of radius /z01

· Two-sided XCn] : Divide into right-sided XR[n] and left-sided X
.
[n]

-

ROC will be overlap of the two ROCs (will be an annulusiring

No overlap ?
-> ROC is empty & z-transform DNE

Finite-durationX(n] : ROC is entire z-plane except possibly z = 0 and z = -



-TransformPolesandGersform X(z) frequently takes a rational form :

X (2): Polynomialsin

DT systems often constructed using linear constant -coefficientdifference equations (LCCDES)

-> give a transfer function of this form

If N(zo) = 0 - X(z0) = 0 -> zo is called a zero
of Nz)

If D(zo) = 0 - X(70) + 10 -> zo is called ae of X(z)

Important : ROC of N2) can
contain zeros butcannot contain poles

N(z) and D(z) can be factored into degree -1 polynomials (i. e ,
Nil

,

Dl")

N(z)=
* Note : az"lza = 1 + 1-az" /za = 0

M zeros & N poles

Inverse z-transform of rational XIE) ? Do PFE to get to the form :

X(z)= X() = A( ,
)m(n) + B(az)"u(n) +...

Cor - Alailul-n-1] depending on ROC)

-ZoBlomarked by X5) and zeros (marked by os) in z-plane

· Roccan contain zeros butannot contain poles

m · Like Laplace.

ROC must be outside or inside of all

poles,
or in between poles

· ROC is afing,
not a vertical strip

· If ROL has 1212 19 .
1

,

the term in X[n] associated

with a, is right-sided
· If ROC has 11slad ,

the term in XCn] associated

with at is left-sided



·
ROCs :

ROC : llc* -Xen] : -AtznGa-]-BluLn-1-C(3)uln-1]-ee-sided
ROC2 : < 1z/2-Xin] = Atzfuin] - B(2)n2-n-1) - c(3)" nzu +] Truided

ROCs : 2 < (z) <3 - x(n] = AFzu(n] + B(2)"u(n] -C(-3(uEn-1]sided

ROCp : 33(z) -X(n] = Atzmen] + B(2)"u(n] + ((-3) un] t tightsided

↓ropertiesoftheTransform N =a +az) ROC : Intersection o GRe

2 . Time - Shifting : X(n-no] Enz-roX(z) ROC : New ROC may add or delete z = 0.

3. Convolution : y(n] = X(n] *h(n]E)=) ROC : At least intersection of ROC & ROC

System May be larger if some poles canceled by zeros

output
-

Export
Transfer Function" - H(z) = zShlnld

=unilateral z-transform : (N(z)=
Initial value theorem : X(0) = limNL

->
This property isanalogoustoLapaeproperty

Time - Dalay : XIn-1) Enz"Nz) +A
,

Initial condition (IC)

Double Time -

Delay : X(n-2] ==z X(z) + z"X(-1) + X(-2)



Inse-transformed Contour integration around a
circec withia

-> Reg's complex analysis - We just use table

-ringLDECoefficient Difference Equations (LDEs) (similar to CT LCDEs)

apy(u) + a
, y(n - 1) + azy(n - 2) +

...

+ avy(n - N) = box(n] + b ,
X(n - 1) +

...

+ bmx(n -M)

-anynk] =ban-k] -y(a) output, X) input-DEs describe
ms !

-> Any DT system described by anLCCDE is
II

·

e.g ., digital filters

Example: y(n) + 4 . 5y(n - 1) + 2y(n - 2) = 3 .

25x(n) + 4 .
25x(n - 17

Initial Conditions : y (-1] = 1
. y(-2)

= - 3
.
75 (Note : we need NIC5)

(Note : we will assume XIn] ICs = 0)
Input : Mm] = u(n]

Recall : y(n] -M(z) , y(n-] =
= z+(2) + y(-) , yu-2]z

*Y() + z
+

y2] +y(-2)

-> Apply z-transform to both sides of equation to get expression in E N(z)
,

and X(z)

-> y(n] = Y(z)
4.5y(n- 1] =n 4 .5z

+ N(z) + 4 .5y( - 1]

2y(n -2) =- 2z - ((z) + 2z "y( - 1) + 2y( -2)

3 .

25 X(n] En 3 .

25 /(f)

4. 25X(n- 1) En 4 .

25z"X(z) + 4
. 25 ] : 4 .25E"X

-> Y(z) + 4 .

5zY(z) + 4
.5y() + 2z - P(z) + 2z

+

y(- 1) + 2y( - 2) = 3 .

25X(z) + 4.
252 Y(z)

-> (144 .
52" + 2z

-) T(z) + (4 .5 + 222)) + 27y( 1) = (3 .

2554 . 252")X(z)
= - 3 . 7.

5 -

-+ 22
:)i(z)" = (3 .

25+4 .257"X



Solve DT LCCDE's same as CT w/ Laplace :

1
. ) Use time-delay property of z-transform to get :

Q(z)π(z) + #2)=
m Xan]

m

e

FromY
From IC's coefficients

2 .) For total solution yau) : Rearrange
to Mz)=N

· Do PFE ,
then inverse z-transform to get y(u)

·Can also do y (u] = yes[n] + yzi[n]

3 . ) For "zero-state" solution Yes[m]
· same as #2 but set IC's = 0 (i . e .,

F(s) = 0)-solve using given x(n]

4 .) For "zero-input" solution Yzi(n]
· same as #2 but set X(z) = 0

, only use
IC's

5. ) For transfer function H(z) or imprise response
him]

·Same as #2 but set ICs = 0 and X(z) = /

-yes :

-

EC5=0ad we input--

↑ (n] = u(n] in X(z): i ROC : 1213/

~H" + 27 (M(z):4.252"-M(z)=
1 - z

-

= z
-2(z2+ 4 . 5z + 2) -

can use quadratic equation

from here if necessary

A = /1-z")f(z)/z = 1=1

B = (1 + z)M)(z=-=



C : (1 + 4z)Mz)lz--4:
-> i)=[n] = u(n] + +) - ()(n(n) + 2)-4)u(m]

* Like Laplace, generally assume output signals
are causal due to unilateral z-transform

Zero-Input Solution Yzi(n] : X(z) = 0

(1 + 4 .

57" +2z2) P(z)"
= 0 - 114 .

5+222)M(z) : 3-2

-> Mz)=
A = (H2z)Mzz = -=
B = /z")M)l-y=
->r :-(n) =

- (-2)n(n) + 4(-4)u()

Total Solutionyoun= Yes [m] + yzi (n] = n(n]- +-z)n(n) + 6(-4)"n(n)

Imprise Response h(u] : ICs = 0
,

H(z): Transfer Function

(1 + 4 .

5z" + 2z 4) M(z) = (3 .
25 + 4.252"(X(z)- H(z)=

:
-+



&System Analys Using-Transfe
a

LDE (ITI system):anyn]bm]ManzX

#pomize
givesoa

-> Polynomial ofzegives poles

->Convolution : y[n] = X(n]Ah[n] EnT(z) = X(z)H(z)

If ear (unit circle
, 121=1) in ROC

,
then

y(n) = x(n] * h[n] = M(r) = X(c(H(w) or Y(f) = X(f)H(f)

gefrectionpopyHztermine ROC and ha]

->cusality andStability
↓sality:= forThis Light-sidedes
If H(z] rational

,

ROC must be outer circle and N(E) lower order thm D(z)

&rationalEcononlybecauste ROCa mess
-BOStability : Stability criterion : &Ih(n)/si

-> Implies that the DTFT H(F)
*

H(r) exists F-> The ROC must include unit circle

&DITEsystem i studeif
ad only ithe one



Acausal& Stable Systems causal -> ROC exterior circle

Stable - ROC includes unit circle

&nucaDt I system is stable if ad only if

iii. e., magnitude of all poles is less than !

Example: H(z):
# (l-5")Hlz-=

e
-> No ,

because there is a pole outside unit circle (1-3121)

hen] if system is causal ? - ROC :1zk2()in(n) + (- 3)in(n]

h(n] if system is stable! - ROC:K: <(* )u(n] -1-3)u2-n
- 1)

Stablein (23

m


