
TheLaplacetransfuseful Signals ,
the Forrier transform does not exist

· Example: X(t) = e
+ u(t)

↓ (w) : (Ne-rht = (t-jut(tAt

- Does not converge , or DNE

Recall est : 3 = o + jw

- Complex sinusoidw/ "complex frequency
: wil real d imaginary part

-More generalized than the esst used in Fourier

#
Laplace transform has the nameform as Fourier transform ,

but more generalized to

include exponentials with a real part in the exponent's frequency
- May exist when the Forrier transform does not

- Particularly valuable for system analysis when FT does not exist,

such as for unstable systems (move later)

Important : Like FT
, Laplace is linear :

↓ (a .
X

, (t) + acXz(t)) = a
,

X
,
(s) + acX(s)



#ofgiform,whicheitherextaparetransform aa

Example: X(H) = e-
**
u(t) ,

a is real

↑(3) = )%HeAt :-at-ststa
- (sta)t

We assume thatlima

# Installoronlyforsome values o

a

If stal3>0orsta >O
, thenlimestalt - Divergesa

So for the Laplace transform to exist
,

we need Re[sta320 -+ Re[s32-a

-> i.e .,
X(s) exists for XH) = eatult) only for > where33-a

Often show in s-plane :

=en
is theo

If s is in the ROC.Then Wix(H3 = it

=ai ROC : Reds3a-a



A ROC is eved to uniquely determine XI given XKs)

Example : xH) = - e
*
ult) - X(s) = )xHea+= -e-ate-stat

-(0-Istalt t=
-

But only itoOfferent ROC -Kentsignal

Xt) =ea tu(t)
X(t) =

-

e

- a+
u(- +)

-> Ns)=ai ROC : Reds33 - a

~ Ns) = Fai ROC
: Re[s31-a

Im[s3 = w

· #"
xH)
isright-sidedstat Cohere

= O forT
= O for +> T

,

-esta)
+

n(t)):RSided Signals

-"Imagesto

0



ExamplesROR
Xe(t) =

- effu( t) = X,
(s) = -2 : RocMa

what about their sum ?

- Xg(t) = X
.
(t) + X(t) = 2

*

u(t) - e
+
u(t) = Xg(s) = N ,

(c) + Xc(s)

Eight-sided Mersided ·
~ro-sided "Signal

ROC ? -> Intersection of ROC,

& ROCe

Non-zero for -KS

#5Reds)22

#properties (H) : ROC will contain all s where Rads3% for someo e

-> "Right half-plane"

·# sided XIH : ROC will contain all s where Reds3<50 for some 0

-> "Left half-plane"
· Two-sided X It) : Divide into right-sided XR(H) and left-sided Xe(t)
-

ROC is the overlap of right and left half-planes

No overlap
?" ROC is empty & Laplace transform DNE

· Ente-durationX(t) : ROC is entire s-plane



#

verseLaplaceTransfora estas
Pick a

civalve in there
Requires contour integration - useFable instead

#are TransformPais and Properties table lookups and combine pairs & profit as

to solve Laplace transforms (or invers Laplace)

Laplace has many
similar pairs/properties to FT

e . g.,
23X(-tol3 = X(s)e-sto

↳ Exlat) =X() etc....

Note : Some modifications (like Natl) require a change in ROC (also in table

taplacetasformPoles and Zerosas
a rational function of

X()= Polynomialsia

Why?
1 .
X(s) is sum of exponentials (examples above)

2 .

We are using Laplace to solve a differential equation

e .g .
RLC circuits

,
mechanical systems ,

etc.



If N(Sol = 0-X(S0) = 0 -> So is called a Zero of X(s)

If D(sol = 0 - X(50)+ 10 -> So is called a sole of X(s)

Important : ROC of Ns) can contain zeros butnot contain poles

N(s) and D(s) can be factored :

Xk)=
j = 1

#zeros and poles

If O(N(s)) + O(D(s))
,

there will be poles or zaros at s = -

If O(D(s)) > O(N(s)) by R
,

there will be R zeros at

· If O(N(s)) zO(D(s)) by R
,

there will beR poles at a

Inverse Laplace of rational X(s) ?

Recall : X(s)=a -atult) ore-tuft)

3 t
Be

Get rational X(s) into this form

using partial Fraction expansion
(PFE)

Most general PFE method :

A = (staX(s))
... a

."
B : (stac)X(s)/s-ac =A. .

-

=0 = B



Example:
X(s):s Find X(t) for each possible ROC

Step 1 : Factor D(s) into (sta . )(stac) (Quadratic formula of necessary

->N):
Step 2

:Solve for A and B

↑ = (s+3)X)/s
.. 3

:
B = (s+ 1)X())s

= 1
=

Step 3 : Determine possible ROCs

Recall : ROC cannot include a pole
Also

,
in general .

ROCs are split up for different values of O : Reds]

-> ROCs fall between real parts of poles andis

ROG : Reds3c-3- >Left-sided Signal

ROCe : - 3cReds])-1- > Two-sided Signal

ROC : Delala-1-Right-sidd signal



Step 4 : Find XIt for each ROC

· Each ROC produces a unique X(t)

· Each pole term a produces an exponentiallstep-function

- If the ROC is to the right of -a - Aetn(t) Right-sided

- If the ROC is to the left of a - -Aetult) Left-sided

A = 2 ,

B = 3

ROC : XH = -ze
+ n(-H) - be u( - +) Left-sided

WxH = 2e u(H) - Se
+

n) + Two-sided

ROLe : X(H = 2e
*
n(t + 3e-

*u(t) Right-sided

#ZeroPlotles (marked by Xi) and zeros (marked by 01 in s-plane
in

Previous example : Ns):H IPoles : S = 3,

Zeros : 5 stll = 0 - S =
- 2

.
2

Remember : ROC of N(s) Can contain zeros butnot contain poles

Example: Pole-zero plot of N/s)

*



If X(s) is rational
,

we can determine it to within a scale factor by poles &zeros

ja

Example :

totin

N(s) = 0 at s = - 3 - N(s) = kn(s + 3)

D(s) = 0 at 3 = - 10 ,
+ 4 - D(s) = ky(s + 10)(s - 4)

-> X(s):-k=

A = X (s)(s + 10)/s
= 10
= / - 0
:

B = X(s)(s -4)/s = y = lin=
-> X(s) =k+

Possible ROCs :

su ROC : Re[s31-10

i
ROC: -10 < Re[3324

nocon ROCy : ReSs324

↳



Complex Poles ?

↑ (s) =sti,0

-> a is complex
-> ROC only concerned w/ real part of poles i . e.

Re[s] < Red-a]

Suppose ROC : Reds32-2 - right-sided signal
- (2 - 5100)t

-> X(H) = 8e
(2 +5100) +

u(t) + 8e u(t)

= Be-2t-slootu(t) + 8-20 (t)

= Be-2t(ecl00t-clot)u(t) = becos(l00t)u

-> X(t) can only be real-valued if poles are purely real or come
in complex

conjugate pairs

- X(s) must be conjugate symmetric across the ja = 0 axis

/just like how the FT must be cons . sym ,

to have real x(t))

#helationshiptoForier
Trans ofis

X(t) = X(s)(z = ja = j2πE
= ) X)a Ftat

Most of the time .
X(F) can be found by VISIls-ITF

-

·
gives XIF) or X(w)
Evaluating X(s) along this axis



Another way to think about Laplace transform :

·Consider sal signals - signals that turnon at t = o

* Very important for Laplace ! Some useful Laplace properties only apply to

causal signals-milateral Laplace Transform

Causal X(t) :

X (w) = ( x(He
jrt
at

X(s) = X(0+jw) = [xte
*

a+=-inte

FourierTransfora
-

e
of

is a "convergence factor" that helps the Fourier transform

a xist when it otherwise would not for some values of o

- X(s) exists 20 long as XH) grows slower than eat decays (Rals3 =o in ROC ! (

- If we set a = 0
,

we get original Forrier transform

Let X(H = eatu(t) -X(s)=Fai ROC : o : Redsic-a

· If an O
,
XI is decaying ,

and eat can be allowed to grow slightly as long

as it grows slower than X(t) decays - xite-of still decays-exists

· If a <O ,
then XI grows exponentially ,

so e-at must deany faster than X(t) grows

to counteract -> Xte-ot still decays-exists



#tpartiesoftheplacetra
tem "Transfer Function

:

H(s) = 25h(t))

#vuilateral Laplace transform : (x(s) = (0*xHetat)

Initial value theorem : X(0 + ) = limsXI
Final value therem : Lim xCH = limsX(s)

+ + a S + 0

Time differentiation property :

=X) Initial condition (IC)
- Important in diff

. eg.

x(H = s2X(s) - SX(0) - xO

:

=X-ses
to c

t deviratioa

stringLCDEproperty makes Laplace useful for solving differential equations

Linear Constant Coefficient Differential Equations (LCCDEs)

an+ doy(t) =b + box

->an



y(H) output ,
X(t) input -> LCCDEs describe systems!

-> Any system described by an LCCDE is III

· e . g.
RLC circuits

,

mechanical systems, optics ,
etc.

↳2. peterostatesolution
,

t due to system initial conditions &
3. DetermineSystemOutput y(t

due to inprt signal anisis

~

4. Determine system transfor function H(s) & impulse response h(t) Describes system

Example:y byH)=
Initial conditions : y (0% = 2 j(0) = 1 (Note : we need N ICJ)

Input : X(H) = e
* +u(t) (Note : we will assume XCHICs = 0)

Recall: sXs)-X10
%

) andX(s) - SX(0) - X(0)

-> Apply the Laplace transform to both sides of equation to get expression in s
.

Y(s)
,

and XIs)

-s Ms) - Sy(0) - y(0) = S'Y() - 25 - 1

5 (sis-y(0)) : 5 s - 5.2 : 5 s-1

6y(t)
e6i(s)

-> (H) = 3
* Y(s) - Cs - 1 + 5 st(s)-10 +bits) 5+6)5/s) - 25 - 11



Now right-hand side.

HsX(s) =X

x(t) = 2

- + +
u(t) X(s)=4

X(t)X(s)

-> RH) = <X(s) + X(s) = (s +1=

-DEconverted
to algebraic o i

-> (s + 5 +6)(s)= + 25+1=SHOT

- is:
A = (s +4)i(s)) =y=
B = (s+3)T()/s

= 3
:A

c = (s+2)T()s
=. c=CO-

-> is)=--gu
* Note : y(t) needs to be right-sided

because ICs use milateral Laplace
-> causal

Will not always be the case for h(t) !

The above solution includes input and ICsTotalSolution



Zero-statesolution"Ht)
,

due to input only - Set ICs = 0 and solve

·itSolution de Esony-Set
) = 0 anda

Zero-State Solution Yzs(t) :

Previous example ,
but set y(0) = y (0) :

- (s + 5 +3)i(s)=(=
A = (s +4)()) = y== :

B = (s +3)i(s))s =3:) : it : I

-
* Like above, generally assume output signals

Zero-Input Solution Yzilt) : will be causal

Set x (t) = 0+ Ns) = 0

-> (s+ 5s +6)Y(s) - 2s - 11 = 0

-> (s + 5s +6)r(s) = 2s + 11 - T(s)==

A = (s + 3)t(s)/s = - 3 =E
B = (s + 2)Y(s)) =2=
=-: ( -5e

*
+7 )u(t)

Could also solve for total solution from here:H = Yzs(t) +yz;
(t)



Impulse Response :

Remember ,

LCCDEs describesystems - y(t) = x(H) * h(H) = F(s) = X(s) 1)

H(s) is system transfer function
· ((s)h(t) imprise response

To find H(s)/h(H
,
set and X(H =SH): 1 : ROC : all s

Back to example :

(s2 + 5s +6)π(s)z 1 = (s+ 1)X(s)
It's

-> Set ICs = 0 and X(s) : /

-> (s + 5s +b)m(s) = 3 + 1 - M(s)=+
From above:(s) = X(s)H(s) + H(s): but Ns) : 1

,
30 H(s) = is) here

-> H(s) = Y(s)= = +

A = (s +3)H(s)) =3==

B = (s+ 2)H(s)) = 2 = :

-> H(s) = Es 2 Poles at s = -2
,

-3

Unlike j(t) ,

htt is not required to be right-sided ! We need into about the

system to determine ROC and h(t).

Often though ,

we assume system is causal (i.e.,
hht) = 0 for tho)

,
so h(t) right-sided

-(2e 3
- e-ct(u(t)



IDESummary
m defined by an LDE : (you will also know ICs and X(t)

1 . ) Use differentiation property of Laplace to get

Q(s) T(s) + (3) = (s)X(s)
um

- ↑ &
From x-derivative

From y-derivative From IC's coefficients
coefficients

2..) For total solution y(t)
· Rearrange to M(s) =Is
· Do FFE then inverse Laplace

22.) For "zero-state" solution yzs(t
· Same as #2 but set IC = 0 (i . e ,

f(s) = 0)

44.) For "zero-input" solution Yzilt)
· same as #2 but set X(s) = 0

5. ) For impulse response
of system

· same as
#2 but set ICs = 0 (f(s) = 0) and X(s) = 1 (b|c x(t) =S(t))



-CystemAnalysis w/ Laplace Transform

Recall =g(s) --R
R - 1

For convolution/ transfer function, We don't need IC's- SM

ICDE :da -

+ doy(t) =bi . + boX(t)

ansMY(s) + am S
* +

Y(s) +... + doM(s) = bms
* X(s) + ...

+ boX(s)

-> (ans
*

+ an -
S

* "

+... + do)4(s) = (bmS
*

+... + bo)X(s)

-giveora

->
Polynomial of- gives poles

y(t) = X(t)xh(t) M(s) = X(s)((s)

If ja (orjInF) axis in ROC then

y(H) = X(t) A h(t) = Y(w) = H(r)X(r) or P(F) = H(F(X(F)

Problem : ROC of His) not always right-sided ! We need some extra information

to determine the ROC and h(H)

We will focus on 2 key system descriptors : cusality andEntability



calityt cannot respond to future input + h(t) = 0 for tho

-> hi must be right-sided !

& ROttea
h(t) can be right-sided but still tue on at to 30.

Stabilitybonded inputlinepodesaa
-> Usually a bad thing in system design

Stability criterion : h(t) is "absolutely integrable" -)h(H)/dt=

-> Implies existence/convergence of FT H(r)/HIF)

-> S = jw axis must be in the ROC

#system is stable if and only if the ROC of H(s) includes the jw-axis

Causal -> ROC is a right half-plane

Stable -> ROC includes the jo-axis↳
S-plane (i . e .,

real part of all poles <0
In ROC right half-plane and

includes ju-axis



Example

:He
B = H(s)(s +2))

= 2=

Can system be both carsal & stable ? -No
,

because there is a pole to the

right of the jw-axis

h(t) if system is carsal ? - ROC : Rest in
h(t) if system is stable? -ROC :

-3 Relct



#esponseofSystemsto Sinusoida EPS
X(t) = eSot-- y(H) = H(woleswot -> Input sinusoid of free No

,
output

has same free,

but scaled by

complex Scalar H(ro)

-> H(w) describes how system responds

to sinusoid of freg. Wo

Could apply FT
,

but only for 3 = >We

But it turns out the eigenfunction property works for est in general

#tenot t-> y(t) : Hkolebot -Input Signal hascomplexfreg,,
So= GotWo Eigenfunction Property by complex scalar H/so)

->Laplace/Forrier transforms can describe how systems respond to input&guas of different frequencies

Example: H(s): X(t) = ext-
500
- y(t)

S03

&(# : 0
.

0314e"(T + 1 .
5294)

+ 0.

9982/500
++ + 0.

0636)



BeponsetoGara Sirsoid
,

orks if input is on from t =
- 1 to + =

· A good approximation sometimes
,

but not always
· systems described by Laplace can also be analyzed in terms of how they

respond to causal inputs - i
.
e

., signals that turn on at t=

-> x(H) = e
b +

n(t)

- e.g.. what happens in a circuit if I flip a switch to apply power ?

· Causal Sinusoidal signals have a "steady-state" response
related to the eigenfunction

response ,

as well as atransient" response
related to how the system

responds to the input turning on

Let X (t) = esotn(t) = NS) = 5 so (20 is complex)

Suppose system has rational H(s)=
-> M(s) = H(s)X()=(s-tw)(5 o
~s fromcalled
·

Characteristic Roots" input signal

(Poles)

Performing PFE
will give

:

↑(s)=+ y=u +A
m

-
~

Transient "Response "Steady-State Response

#torstabyteO having
Cy +r(t) Ys(t)

Transient response terms are set by

the poles of a system - we can tell

a lot about transient response from poletzero plot



Example: Basic step function
, so = 0 - X(H) = u(t) = X(s) =

Let H(s)= (PF) -> Ms = H(sX(s) = cits + *
↑r

+ =
- 1

A = (s + 1)(s))s= = Y = =

B = ST()(s = 0
= ot : 1

-> il) =t-(H)
------------ approaches Ult) as tes

i ->

Yor (t) decays,

and we

are left with yos(t)

+ = 0

What about complex characteristic roots/poles ? e . g .
H(s)=-in

-> We will observe sinusoidal transients related to the ju. component (e.g .,
wo = iT here

y(t)
N

↓
-> Yer() overshoots /Oscillates,

but

------
approaches all as tre

still decays to 0 and we

- are left with Yes(t)

Transient analysis is important in circuit design and control systems, among
others


