
-stemCharacterization Chapters and systems and their relationship

We focus on a class of systems called Linearsystems
· More specifically,

we focus onnear mm-invariant (LTI) systems

(more on the TI later)

why?

· Many practical systems (e .g ..

RLC circuits
, op amps ,

etc
. ) are linear

or approx. linear

· Linear systems have nice properties -

easy
to analyze (compared to non-linear

Notation : y(t) = (+ [x(t)]

aerator
Systemstakein a fraction

as ina
-

General system model Signals modeled as functions

Suppose X(t) = a
,

X
,
(t) + anx ,

(t)

FatheacH3x( +)

tomorrentsof Linearit)
2. Additivity



Scaling Property : amplitude scaling of input identical scaling of output

((x(t)3 = y(t) - ((ax(t)) = ay(t)

Ex
. y(t) = sin(n+)x(t)

Let X ,
(H) = 3 x() - y ,

(t) = sin(nt)x , (t) =3sin(πt)x() = 3y(t) -

Ex . y(t) = (x(t)))

Let X ,
(t) = 3x(t) y ,

(t) = (x ,
(t))" = (3x(t))) = 9(x(H) = 3y(t)X

Additivity Property : Adding two input signals produces the same output as the sum

of the original inputs separately

Let H(x , (t)] =

y .
(t)

. H(Xc(t)) : yc(t) - (((X ,
(t) + xz(t)) =

y , (H) + ye(t)

Ex . y(t) = sin(πt)x() y ,
(t) = sin(it)X ,

(t)
, yz(t) = Sin (it)xz(t)

Let Xz(t) = X , (t) + Xz(t) - ys(t) = sin(nt)(x ,
() + x(t)

=
Sin (it)x , (t) + sin(n +)xz(t) = y ,

(t) + yz(t) -

Ex . y(t) = (x(t)) - y ,
(t) = (x ,

())2
, ya(t) = (x -

(t))2

Let X
,

(H) = X ,
(t) + Xz(t) + yg(t) = (x ,

(t) + x(t))" = (x ,
(t)) + 2x

,
(t)xz(t) + (xz(t))2

E y ,
(t) + y ,
(t)X

· concepts sometimes referred to asperposition

hearsystems must satisfy both properties



#roving Linearity" that the above 2 properties o a

·Can do this all at once as well

·
Need to prove this

can be shown in reverse

also if it is easier to do

Steps :

1. Define X
.

(t)/X
.
(n) and Xc(t)/Xc (n]

-> y .
(H) = HEX . (A) and yell) : H(XeCH]

2 .

Define Xg(t)/Xs(n) as scaled sure

-> X g
(t) = a

.

X ,
(H) + azXz(t)

- y ,
(t) = (3xy(t)] - Scaled & summed at sytem Input

3 .

Show whether

Yg(t) = a
, y ,

(t) + anyc(t) -> Scaled & summed at system-put

If equivalent-
> Linear

If not equivalent-
Not linear X



Example : y(n) = mx(n] + b

1 .
Define X . (n) & X2[n]+(n) + b

Ye(n] = mXz(n] + b

-

2. Define X
=
(n) = a

,

X
,
(n] + a ,

Xc (m)

-4s(n)
= mx,

(n] + b

3 .

Does Yg(n) = a , y ,
(n) + a2y2() ?

-
-

-

a
, y ,
(n) + a, y ,

(n) = a ,

mx ,
(n] + a

,

b + azmx2(n) +ab
Not equal

Ys(n] = mXy(n) + b = m(a ,
x ,
(n) + acXz(n)) + b -

= a ,

m X , (n] + acmxz(n) + b

-> Not linear

Example: Vi(t) = Vo(t) + Rol Vo(t) = (([ViCH]

1. Define y .
(t) = HEX .()) and ye(t) = HEXc()3

↳
3.

DoesWayHe can
prove

the reverse :

1. 2 ..

if yg(t) = a
, y ,

(t) + any,(t) ,

does Xy(t)=x( + a
,
x(t) ?

-

--



Let y(t) = a , y ,
(t) + azyz(t)

Then xHytt)+ R(& ay() +agaytay

·
Xz(t)

= a ,
X , (t) + acXz(t) = (4)

-> A superposition at the output implies the some superposition at the input

-> Linear

Note :ANYdifferential equation w/ constant coefficients in a linear form defines

a linear system (e. g ., any
RLC circuit)

Example : & + 3x(H)= + 4y(t)-line

Example : x(t)y - Not linear

There is an analogors equation in DT calledadifference equation which is

also always linear - more on this later in the semester



TimeInvarianceare linear andtime-invariant

A system is time-invariant if a delay in the input by to seconds or no samples

produces the same output signal , just delayed by to seconds or no samples

· Time shift at input produces
identical time shift at output

· I/0 characteristics do not change w/ time

Mathematically:xyTH(x(t-to
= y o

-time invariant-

If not - Time-varying X

Example: y(t) = X( + 2)

1Defire= (Xe(t]
2 .

Does Muto)=t
!

It-
Not equal - Time-varying



LTthe basic RC circuit :

R

-
Vi(t)

-

-I Hist
-

Defined for specific
values of w

Suppose R = 5000 and C = 5 nF ; Vit)-ethy one
w value

· At w = O radls -> ViCH = 1 (DC) -> VoCt: (1) = 1 = ViCt)- > Unchanged

:400,000 +
; 400,

000 +

· At W = 400
,

000 radls -> Vi(t) = e -> volt) = in t
,

once

;400,
000t -jπ/4

= 0
.

707 e
= 0 .

707e
**

vi(t)
-

original input scaled by
half power

& 450 phase shift

j(40-10s)t

· At W = 40 Mrad/s -Vilt) =
2:10.101 +

-volt:trie
: (40 · 10")t-j

= 0
.

Ole e = 0.

01
*

v,
(H)

-

original input scaled by
10-" in power & 90

0

phase shift

Notice :

· EchirtyPodudtheggcomplex sale



What if input is multiple frequencies ?

e . g .
Vill= It 240

,or echo out mmmmmmmmmm
Re[ViCH]

Remember linearity ! Scale & phase shift each sinusoid

separately ,
then add back together :

V(t) = 1 + 0 .

2072+ : 400,0007 0 .

0123
*25(40-103)t

#
So , volt : In Vict

Frequency-dependenti
What about this?

11.
·Complicated signal ,

no obvious discrete sinusoids ...

·

Etuoutre
to viloa



So at the output we can compute :

Volt=retreatweirst +
...

Each frequency comes out of the LTI system as the same frequency ,
just

scaled and phase shifted by H(w) independently of all other frequencies

ta

!
salitysystem is causal if output at -to only depends on input for te to

- System output doesn't require prediction of future values

- A requirement for real-time systems

Examples y(t) =
- X(t -2) + X(t + 3) - Try + = 0 - requires X(3) encusal

y (n): anx(n-R] e Try n
= 0 requires X(0) ..XM

y(r]=anxIn-h) - Try n
: 0 requiresXI1

car-



Memoylesvs.With Maryaoutputs at each value of +or m that only depend on

values of the input at that time

- Resistor : v(H) = RiCH) -> Memoryless

- Capacitor : vCH= iii - has (infinite memory

#vertiblesystems
· In invertible systems ,

each unique input produces a unique output

· If a system is invertible
,

there exists an "inverse" system that produces

the original input signal from the output signal
i

.e..
if H&x(t)] = y(t) .

then ( "Sy(t)) = x (t)

· Example : y(t) = (x(t)) is not invertible

&Ended-Enprt,Bounded-OrtrtBEROStable s bounded/finite ,
the output will

also be bounded/finite (no divergence)

· Unstable example : y(n)= X-R) (Try Mn] :ul



#Exampleo some system H
,

when the input XI = S()
,

the output y(t) = eu(t).

Now
,

when the input is X
.
(H) = 32(t)-2G(t-2) ,

find the output y .
(t).

Linearity : Ax(t)EAy(t) and NCH + Xe(t) Fe g .

(H) + yz(t)

We can find the response
to each 6(t) and add together results !

Also
,

the scaling factors follow through an LTI system.

-> 33(t) te 32
*
ult

What about the time-shift in-26(t-2) !

Time - Invariance : XH-to) Eny(t-to
We can use the same y(t) ,

just shifted !

-> 2S(t-2) He2e (t -

2)u(t - 2)

Ex/
#otherExample:My

:OcE-At

First : work backward to find yelf) when Xe(t = 2(t)

x(H) = 46(t - 1) Fey(t) = 8cos((t -2))u(t-2) Xc(t) = 2(t) -yz(t) = yy(t + 1)

(cos((t-11)- 1) = ya(t)

-> So : X
,
( = 32( +1): 3yc (t + 1) =bos(


