
↳Exponentials :

eswot -- wo is minfrequency in radians/s

jeEst
- Fo is A requency in cycles/ or Hertz (Hz)

can also write as 2

& and drFo
2n radians per cycle -> Fo = E

Period :  > the number of seconds in one cycle

Euler's Tha :

elwot - cos(rot)+ : sin(rot)
-

One way
: Real and imaginary

Im Seirot]
Redeswotz -

A

-itI It- -I

To

Other way
: rotating phasor in complex plane

....



complex exponentials have very nice properties with ItI systems !

Exponentials esot (or more generally .
e ~Is = 0 + jw) are efunctions of LTE systems

Recall from linear algebra
: sometimes have matrices/rectors such that

-> The matrix scales the vector but doesn't change its direction

-

Ax = 1
-> X is an enrector of A : A is associated evalve

matri Samar
rector same vector

Similarly for exrot as an eigenfunction :

LTI systems sale complex exponentials (i. e
, change

eswot- LTI -> debrot
amplitude and phase) but don't change the

I
functional form - wo doesn't change !

complex scalar

Camplitude & phasel

nconvolution :

convolution gives system output given system input and impulse response

y(t) = x(t)Ahlt-i) = (3h() x /t-i) di

Let xH)
= esrot

-gH : (heivolt-it-Johliterate Not etrotteM
same exponential A constant

H(wo)
swit

Remember linearity : are a
anefret ... - a

,
entranetrat ...

(More later
... )

So
,

if we
have a more complex a(t)

,

it world be great if we could

express it as a summation of exponentials since that will make it easier to determine

the output of some ITI system !



-Series for Continuous - Time Perirdia Signals

Periodic signal : X(H = x(t-5) for some
+ for All +

· The smallest value of T for which this holds : Fundamentaled

· Fo : "to mentalFrequency
· Similarly refer to wo

= 2πF0 = I as metalfrequency

Signal X(H)= eswot e
periodic

Harmonic signals
: Da(t) : elbrot ↳ is an integer

-

-

The frequency of the leth harmonic is R times the Fundamental frequency to

· sometimes call the exponential at the fundamental frequency the 1st harmonic"

· Similarly
have the 22 3

,

etc
.

harmonics

eswot
jzwot

2Iin
ej3wot

It turns art that any periodic function can be written as a big sun (series)

A must meet some regularity conditions

of its harmonics'

Let Alt) be a periodic signal with fund. Freq .

Wo

We can express x (A) as :

The constant an
tells us "how much" of

t
⑪ jkWot ikewo is present in X(t)

X(t) = I Ape each harmonic e

wen
R =
- A

↑ ↑ This is called the series representation

complex constant let harmonic of x(t)



How do we determine ar Li
. e

,

how much" of the leth harmonic is in x(A)) ?

Remember vertor dot products :

Te -

How to find 5 in terms of it
,

and is ?

S A

1 x = Ac ,

be
m --
U

,

a projection of E onto 5
.

= (X ,
5

,
) (0) = dot/inner product

X ?

How much of i
,

is in

b = projection of X onto in= <X,
Te

How much of He is in X ?

Ex
.

a = (i) 5 = (0)

(a ,
5) = 10) + 3 . 0 = 1
e ↑

do bo 9
,

b
, N-1

-> Arbitrary N-length dut product :

(a ,
> = ande

For complex vectors
: (a,

b = ↑ and - allows (a
,a)=lank-

R =0

conjugate

Generalizes to infinite -length vectors : (a ,
52 =

amb

The rectors above are discrete,

but continuous functions can also be treated

as vectors :

=
alHb

*CHdt dot product for CT functions

Just like for the vectors in geometric space ,

this dot product "projects" alt)

onto bit) to tell us "how much of b(t) is in act)" ?
-



Back to Fourier series
:

am tells us "how much of estwort is in XIH

-> We
find am by projection XCH onto exterot !

Recall : (200)
*

= e-
50

an=
SXCH ,

echrot)

- He-skwotdt
↓ -

Period of to Period or Tolk -> Integral repeats every
to seconds

Full integral yields infinite results, so actually only
want to integrate over one period and average

* A little hand-wavy .

There is a better proof in

the book
,

but we're engineers,
so proofs will

->
an

= I (1) eskrotdt not be on
the exams ...

M

can integrate over any

bounds totaling one period

FreSeries Equations for Periodic Signals :

XH = Edneshuot -> synthesis equation

-an = to)
,

xHe kwotht - analysis equation

an called 'Fourier series crefficients" or spectral coefficients" of x(H)

do = Fo),
.

XAd -> do is the average value of one period of x(H)

~

the DC component
"



seriesfor
real

signals :E Queshrot
- x*H :E an

* e- she re

-man
prof 00189 " but

2
.

Alternate FS representations :

a)XIH= no+2? Ancos(kwot+On)
↑ !

Polar form

·Limitin-exH- a
.

+ 2I (BucosChrot) -Cusin(hwot)
e

Rectangular form

- do
=E

,

XIHdt (DC valuel

Bu = I (NA)cos(kwot) dt RtO↳
Cn =

-I( (t) sin(krotdt REO

A Note : these equations are ferent from the ones in the

Nilsson and Riedel Circuits textbook !



genceof ES

3 regularity conditions (Dirichlet Conditions) :

1) XCH must be absolutely integrable

St
.

IXAld < (i .
e,
finite an

2 .) XH) must have a finite number of Minima & maxima in one period

ex .

X( : cos(* ) Octc

3 .) xH) must have a finite number of discontinuities in one period
and all

discontinuities must be finite

2 discontinuities
(H) Finite
/

EX. I 1

- H --

Mi
-renotconverge



Example:

/-----

I - -
.....

I I b-
- h

stopy -to -stop I12
-To To/4 To/z story to Stoly

Jo -> fundamental period
Find ap.

wo and Fo : to

to
= Fo Adt= (Nat=I Aat= +1.

an : F * He shrotht= ICexteskrotht= I like carotet

= (reihrotjt= L

# leihwotoy de chrotosyl
-

kWo

* leikwtoky -e-ihrotoxy)= sin(r)
jkwoTo

"inrotoin(hwToM) ↑

-A sin(kw)=
* sincEE) kE)

:

an

To
k to

Phase
= It when andO

LAR
RWo

Wo = I
Note : Landes"- Landes--an

Stem plots :

A/3π

lau

~--

Yin

paint*
ita

I
---

R



A note on negative frequencies :

· Imaginary numbers are
mathematical constructs

,
not physical ones

Im
Im

Her in -eve
Positive Frequency Negative Frequency

invot1 a
-

neikrot =
zapcos(kurt)

But if we
have an :atm

.

then one

-> The imaginary parts canvel and we get a
real cosine

-

-es
of Fourier Series :

1 .) Linearity
: Suppose X .

(H) and XalH both periodic ~I same period

X .
(H) am

Xclt) by Xi+xel) E antba
-

- jkwoto
ap2

2 . 2 Time-shifting :

If xCt # an then Are

3 .) Time - reversal : If X(t) is an
then #Esd.

x(H even (x(H = x(-1)) -> an = a m
-

a) Symmetry :

XH) odd (x(H = -x(-+)) -> an = -A-B
and 9 =

0

-

d .) Recall that if I is real
,

then an : a*
m

XH real & ever -> Ar=
A*
= dur -> Ap

must be real and even

-

XIA real & odd -> An=aEm=-a-n ->mimaginary and odd

4 .) Time-scaling : X(H) # an than Ean

-> efficients an
,

but new
fund freg .

Wo



5
.) Multiplication : If XCH #Fam and y(t) its bak

Than yCHx) its ambr-m discrete convolution
....

more on this later)

m =-Y

-

6 .) Conjugation
: If XI) #s an then x

* (H) F a*r
-

- If xH is real
,

then xH) =

x
*(H) and can

2 .) Parsevals Relation : to at=Eolan -> Average power is preserved in

both domains
-

iAn
example :

a)

- ...
I

1 ·I
interdis10

0
- 10

Find an (can skip ar .

First : To =12 ,
Fo-z :

Wo: :

an
= E

. (
.

He brotat = ( e chrotht= to e ikwotht

- (Threshrot]? - -roto (eichroichro)- iron
o

_ eictwo)
= 2 sin(2kwo)

ntsinkbro)
Wo

= E
Woto= 2π



b .) Determine new am of X .
It) from previous answer using pairs & properties .

x .
(t)

12

...

-i geneti- I

- I

New To -
To = 3

,

Fo=5
.

Wo = I

An observation :
X

.
It) is a linear combination of two time-scaled versions of x(t

.

both of which are shifted in time and one of which is negated

XIH is
scaled copy of all)

Define X(t) :

-> 4X "Faster

i
L

- ...

-> Ax(4t)

... M M I-
I in o' 51 3"

- Ye-3-512

ES property : Time-scaling -> (H) Fes an inmnot change ,

but tolwo do !

X, (t)

---

--it tya it

1 S
XiCt) is a linear combination of time-shifted copies of X(H) :

x .
( = x(t + 2) - x(t - 2)

- jkwoto

FS Property : Time-shifting -> X(t-to) E, ame

-> It + 2) is ame
:ther

- Alt-I) #s
ane's thr.

ES Property : Linearity ->X(t)
+ y (t) Fe antbr

- Xilt) Es anethro - ane
bro

_ anleit-e-sh) (h)

a ne

+3) = 2jsin(k)
RI



requencyDomain :

Time-domain : what does X() look like as a function of time ?

e . g.
x(H = cos (Not + +(2)

Frequency-domain : What does a signal look like as a combination of diferent frequery sinusoids ?

↓

2 .g ,
x(H = cos(wot +

+1) =
ei(rot + +)

+ ei(rot + (e) eswot

-s -swot

·
eitesNot e 2

-; 12 men: 412

a
,

= 2 a
= 2

LaR

12

↑
. I#:-w

-wor Worki
v =

- b

Fourier series (and other transforms later) let us look at signals in terms of how much"

of each esit we
have in XIt) as a

function of ~ (or F)

-> Independent axis is frequency ,
not time - Frequency-domain !

e
-

Example: qx --

-! - d
...

ent

To = 2
,

Wo = H ilrot
and an-to (

.

He shwoty =

RE

run

nin Ever
ot

Nikon a

115 ,5
....

↑ P

xH
= , e

5t
-

eit est
↓ Lejot 1 eit _eit, eirt_ ...

↑
M

Note : I did not draw the Lam plot



LTI System Function and Filters
-

Recall : eirot -y(t) : eivot eswort Arabes
wot

H(wo) Function

We will learn more about computing the system function later
.

For now ,
notice how we can multiply the system function H(ro) with

swot to determine y(t)

a
,
esrittan etrat ...

-

y(t)
= a

,

H(r)esrit+anHlunberurtt ...

-We can multiply H(m) with the frequency-domain of x(A) to get the frequency-domain ofg(t!

All (stable) LTI systems have an H(r)

-

EX
.

I
x(H) R

I

--

↳ rtTrie
Wi kwo = kπ

115 ,5
....

--

- 6

xH
= , e

5t
↓ Lejot 1 eit _eit eit t

....

↳eit + test

est

The LTI system described above is an Areassfilter (LPF) .

We generally have the following ideal filter types :

H(w) H(w)H(w)

stone terminationmin Tiss


