
UnscentedKalman Filter (Ch . 14) D

The EKF requires us to linearize the nonlinear modelsf and h so

that we can transform covariance matrices through them

-> Linearized models are only effective if the higher-order derivatives

are small enough

Thought experiment : What would break a linear KF more ?

1. Poor estimate of Pot
,
Qu

,
or Rm

2. Incorrect Fr or His model

-> Model errors typically a bigger issue than covariance errors

-> EKF linearization errors can cause performance/divergence

-> We want a new method for transforming mean/covariance through a

nonlinear function by approximating the mealcorariance instead of

the nonlinear function-

themotivation for the unscented transform.

UnscentedTransformer X-N52 , 4) 2) Y = 4X + 10 Call scalars)

f(x)
o GN
-I#biwillheN

Differen method : Pick two possible values of X called & and the

with X ,

= Mx + Ex = 0 and We = Mx -x
=

- 4

Mean : E = -2-True mean of X
-

Varioce : w=+ (4+:-True variance of X



·
- So

,
we have I discrete samples of a whose mean D

and variance match the true mean and variance of X

-> We can transform X& Ac through function to get X and X

-> X ? = 4(0) + 10 = 10 * ? = 4) 4) + 10 =6

Mean value ? -> EY=- Maths tree As

Vaiure value?-O--
+-2) - Matches true variance of

-> Okay, great. What about a nonlinear transformation ?

Let XuN(2 , 4) and E = X "

-> M= = ESz3 = ESX2] = 0x" + Mx" = 4 + (2)" = 8

-> o : ESZ"3-me" = E[X
Y 3-Mz2 " (will ship a few details

= Mx
*

+ 6mx0x" + 30x" - Mz" = 96

EKF uses linearization around Mx :

-> z = f(x) = X= f(Mx)+ (x - Mx) = f(Mx) + (2x)(x =mx(X -mx)

= Mx2 + 2uxX - 2Mx=- 4

->i = ES-4X-43 = 1 - Not the five mean !

-> o = ES(1-4-4)2) : 1XSGESX + 64 = 128-186
-> Not the fire varince

= 8



Can we get better results with A and X ? B

- X = 0- 8 ** = (4)" = 16

->i== Matches true mean !

->o-Does not match tre variane

(but same result as linearization

This a
1-D example of the unscented transform. The two points 4 ,

&X.
-

at I Ox are calledsyma points.

-> The unscented transform (VT) picks a set of sigma points whose mean/covariance

match the mean/covariance we are trying to approximate

-> We then evaluate fi) for all the sigma points,
and reform the

mean/covariance of the transformed points

- The UT approximates mean up to third-order Taylor series exactly ,

while

linearization only approximates first-order mean-Batter mean accuracy

-> The UT approximates covariance up to third-order Taylor series exactly .
Some

as linearization (proof in book)
,
but usually better approximation of fourth-order

terms as well
,

which linearization omits entirely -> Better or equal coverience accuracy

There are actually many ways to define the UT for NXl RV X.

Most simple way
:

1
.

We have known~ (Ex , Px) and : f(x)

2. We can compute IN sigma points :

3 Multiple ways to select sigma points !#NIN will revisit later



->#*
x

is the matrix square root v/ VB : A so that B =ATA

#Nexliis the ith row of Nix

3. Transform the sigma points :

=
44. Find mean/covariance approximation :

-
A note on matrix square roots :

· Multiple ways to define A :- Usually either B : ATA or B :AA

· Also multiple possible values of A

· Common way to compute A where ATA = B ischoleshy factorization

-> Produces upper triangular A

· The sqrtm(B) function in MATLAB gives A where AA = B#Y macomputey



How do we integrate the UT into the KF ? ⑤

#State Function

The state function is used/approximated in several places in the EKF :

-> [m = (n ,n)
~

Assume linear noise for now

Pr = Fr Pri + Any
-

We can compute the mean in and covariance Pr instead using the
UT :

-> Him3] computes mean Using UT

uniP ->Uich] computes coveriace using
uT

The measurement function is also used/approximated multiple places in the EKF :

-> km = PrI (ImPp" + Rm)"Assume limer measurement noise

&
[mT = Fr + Km(Er-um(x · 0))

Ppt = (1-kmAJPr (I - km1m) + KmRmknT

-> It's much less devious how to apply the UT here.

-> We can rearrange/reinterpret components of these equations to fit in the UT!

-: Funoration innovation
,

which we will call E

-> linear KF : En = Er-Hr Ym
S

-> EKF : En= En-hmi0)
- Both cases : En ESEn) : Em-E

Hm*r & h(r, O)
are estimates of En! !

- En is an RV / Enomean and covariance I

Assuming En is independent ofIn then Sm=SESSESSI HuT

-Rm + HuPiAnT - This component of the Kalman gain is actually
the covariance of the innovation !



With nonlinear h - converts ITV w/ mean YE and Pri into on RV ⑯
wh mean En and covarianceh

-> We can use the UT again !

·Non

Our new KF equations become :

kn=Hn"Sit
#Next: What is PmHr ?

↑n = Yi + km(=m - Em)

Pm = (l-kmHm)Pr (F - knHm)T + knRmkmT

#3 : Cross-Covariance
-

Linear KF : Er = HrYm

Suppose we want to know cross-covariance
of Tr and Enc Preh :

-> Pxz
.

m
= ES(in- *n)(En-En[] = ES(in-Tri)(HrY-HuY (

+

3

- ESTnIn HuT3-Edin YHi3-ESYnYn
*

Hu3 + E[XiYnHnTS

- CESTrn"] -In]-
-Ennis-n-Pritt

= Pazn is the

cross-covariance of YE and ER !

-

>We canuse Vto approximatePak bycomputing cross-covariane of transfoa

->UTx & Pri Sm] (re will define this modified UT in the UKF algorithm)



So now we have in our KF : &

kr = Pxz
.
1 Su

Xm = Xi + km(En-Er(
Pm" = (l-knAm)PrCI-KnAn)" + KnRuknT How to deal with these ?

#4: Posterior Covariance

We can rewrite Put in expanded form :

Pp* = Pr-KnHnPr-PrHmknHmPrHikn + knRmKnT

= kr(HmPmHm + Rm)kmT

- Pr-KR-Hm + Kr(Hm"+ Ru)kmT
↑ -Sk&

-> km : PrAnSu" -> KmSm = Pr HutSakmT : HrPr

-> Pn = Pr-kmSnkm- KnSmkn + KrSnknT

-SpKT - We have Sp
,

so no UT required !

Finally :

Km = Pxz
,

R Spl We can use the UT to compute :

+KnCEn-En) andand Sk
Pr

*
= Pr- KmSpkm und Pxz

, k



#heUnscentedKalman Fita ⑧

=fulin,) +

EmWFun
En = hm (*n) + En

2. Initialize the UKF :

&Not(X + *+ 13

3. Time- Update/Prediction :

9) Let Fi-1 be the ith Sigma point representing a

distribution w/ mean Ymt and covariance Part

Calculate IN Sigma points :

↳
6) Let Zir- be the transformed version of- through f().

For all i = 1
, ...,
IN

,
calculate :

Em= fin , mm)



⑨
C .) Compute the prior state and covariance :

Tr=↳-(in- + am

4. Measurement-Update :

9) Let Fin be the ith Sigma point representing a

distribution w/ meanYm and covariance Pr

We can select IN Fin two ways
:

more expensive=in +Sprin .... N
Accurate but

Ein = Xi - (i) N i = N + , .
.

.,
IN

ii
.

) Reuse :Fin Less accurate but cheaper. In my experience,

this way works just fine.

b ) Let Ein be the transformed version ofin through h().

For all i = 1
, ...,
IN

,
calculate :

in= h(Fim) These will be Mal !



2.) compute the predicted measurement Em and the innovation covariance Sm:

En =Fin#Ein-En)(Ein-En)"+
d) Compute the cross-covariance Pxz

,
l

between XE and Em :

&: (in-in-Em)
e) Compute the Kalman gain and the posterior state and covariance :

An = Pxz
,

m Si

+km(En-En)Pn = Pr - UmSmKnT

Summary : The UKF performs well with nonlinear systems and will virtually
always perform better than the EKF with only a minor#immt foraAm Since UT only a local approximation .

2.Several different UT forms depending on application .



onlinearNoise : ⑪

Suppose our model no longer has additive noise:

Ym = f(xr- , Mr. ,
WR-) w/ - (0 , En)

Er = h(Tm-,n + ) w/ im (0. Mn)

We can include w and up in the UT by defining a

new augmented state vector :

The UT will generate noise realizations in the

in -- Sigma points and allow tracking of the

impact of nonlinear noise over time !

We on the UKF as normals but setOandR.
Initialize as

:

O QR

O

I~ 0

Not : (ESTol andRE
- To(To -

Foi]OA
O

-



ScaledUT D

&dem : Look at the expression for sigma points :

xi = m = (B)Tori
- -

S
As N increases ,

the radius of thehyperellipse" containing the

Sigma points also increases

Example : Suppose that we have an
N-dimensional rector space w/ j = f(x).

Suppose for y,
and X

,
we have encos(x) which

is independent of all other dimensions

For N = 1
,

we select I Sigma points amount the mean of X
. (M.) :

&
ButformuchlargerN (say ,

N = 100) these points maya

Y
1

- Note : There would be IN Sigma points
,

not just 2 !

-> For large N systems, Sigma points may start to capture non-local behavior

of the nonlinear function



Solution: The scaled UT was proposed to solve this problem .
It has the B

added benefit of allowingvs to represent some higher-order moments of the

underlying distributionn.

The scaled UT forces the Sigma points to be closer to the mean based

on some scaling factora

-> By default
, sigma points are spread from the mean w/ radius I

-> In the scaled UT
,
the radius is NNN

-> We can set a to anything OCX11
. Usually wh x x

-> Propagated Sigma points must be weighted when forming mean/covariance to

account for X

ScaledUnscented Transform :

1
.
We have known X-(Mx

, Px) and y = f(x)

2. We define the following hyperparameters :

· & : Controls spread of Sigma points. Set within O2&E1
.
A useful default

value is X = 10-3
-

· E : Secondary parameter also controlling sigma point spread . Usually , K = 0.
-

· B : Used to account for additional knowledge of the prior distribution of I
.

-

IfI is Cassian ,
then optimal 231

· % : We set a fixed(N + 1) - N
-

3. We define IN+ weights We and Wilfor i = 0, ...,
IN

·

Technically,
we can pick any

real-valedWit so long as=
-> Wi can be negative ! In fact

, usually Wor is negative, and

with IWill being very large !



Typically ,
we define Wit as follows : ⑭

and ti = 1 ...., IN

-> These weights are used in the mean calculation.

We also define weights Wi as follows :

&W +- + B andWii = 1
, ...,
IN

-> These weights are used in the covariance calculation .

4. We compute IN + 1 Sigma points :

To =x

↳...* = ux-(*)Ni = N+, .
.

., IN

5. Transform the Sigma points :

(i)
6. Find mean/covariance :

This is included implicitly in Wi/Wi.↳
Notice : Not in front of the sum !

In the UKI, we can use the scaled UT in exactly the same way as

the original UT to compute Ym Pr Em
,
Sk

,
and Pxz

.
m

with appropriate
modifications to their respective equations.

Remark : IfX = 1 and K = 0
, the scaled UT is identical to the original UT!



TheScaled Unscented
Kalman Fire is ⑮
-

Tm = fr(Tm- ,
Mr) + Em w/ We (0 ·

Qul#En = hm (*n) + En w n (0, Rm)

2. Initialize the UKF :

Not = EETo]&Ed(To -Not)(*o + *
o

+ 13

3
.

Define hyperparameters :

a + 0xx1) (default : x = 10-3 (#k - E = 0 (default : k = 0

B- If Gaussian
,

B : 2

#= x (N + k) - N
-

Set Wo= and Wi=Ti = 1
, ...,
IN

-Set Wo = Wo + -x+ B and Wi =Wii = 1
,

.
. .,

IN

4. Time-Update/ Prediction :

9) Let Fi-1 be the ith Sigma point representing a

distribution w/ mean Ymt and covariance Part

Calculate 2N + 1 Sigma points :

Fin = In i = 1
.
... and= Fi↳mint-Clini =N...



⑯
6) Let Zir- be the transformed version of- through f().

For all i = 0, ...,
IN

,
calculate :

Em= fin , mm)

C .) Compute the prior state and covariance :

=Win#PWE-n((Ein- *n + Qmy

i = 0

4. Measurement-Update :

9) Let Fin be the ith Sigma point representing a

distribution w/ meanYm and covariance Pr

We can select IN + 1 Fin two ways
:

i .) Fir = Tr

#
ii

.

) Reuse :Fin Less accurate but cheaper. In my experience,

this way works just fine.



b ) LetEn be the transformed version of Fin through h(). Di

For all i = 0
, ...,
IN calculate :

in= h(Fim) These will be Mal !

C . ) Compute the predicted measurement Er and the innovation covariance SM:

EW&win-En)(Ein-Enl +
d) Compute the cross-covariance Pxz

,
l

between XE and Em :

2N

&:S Wi(in-* (in-Em)T
e) Compute the Kalman gain and the posterior state and covariance :

An = Pxz
,

m Si

#
Summary : Scaled UKF is useful for large N. but has no drawbacks other

than requiring selection of X
,
E

,
and B

.

In my opinion,
this is

the form of the UKF that should be implemented almost always.


