
#to Nonlinear Filters D

The Kalman filter we have described this semester only works on

linear systems :

Ym = ERTR-1 +Gr

En =RYn+

-> State transition functionf must be linear (a matrix F)

-> Measurement functionh must be linear (a matrix H)

-> Control function of technically not required to be linear IF no process noise exists

on the control input ....

but if it does
,

it must be linear (a matrix 2)

-> I should be linear from a linear control systems standpoint, but not required in estimation

-> If nonlinear,
control component glur-1) must still be additive

-> Noise Wm and Ye ,
must be additive

Take a step back.... what does a Kalman filter actually do ?

Remember
, In is an RV* because of process noise:

n = Fre *
mes + Grr-1 + WR

ATwo ways to think of this
.

One is that Em is deterministic and our estimate has some

error wh zero-mean and some covariance Pm .

Another is that Am is an RV whose mean

and coverance we are updating in posterior as we observe measurements. Both are valid and

useful in different cases .

Suppose we know War(0 , QR) and Xp (m ,
PRE

-> ESXn3 : ESFr-1Ym-1 + One- + W]
=Fr +Grin-

**

+Gre = Ar



-> This is our state prediction equation ! So
,

our state prediction is the mean of I

the PBF of Ym conditioned on measurements, ,
.

.

... ER-1

Covariance of Tr:

covETu3 : ECIm-EEXn])(Xr-EEXr3(t] (we did this derivation earlier this semester)

= Fr 1
covEYm + 3 Fre + cousins

Fri+ Quint
-> This is our covariance prediction equation ! Absent our measurements , our covariance

prediction is the nice of the PDF of Ep conditioned on E
, ...., EB-1

How about the measurement ?

and we know Yn-(XniPrid and~(0 , RR)
-> Em = HrTn + Im

-> ESEn3 = ESHmin + Un] = HmESXn] + ESn3=

-> We use this in our measurement update equation ! This is the mean of the

PDF of Em conditioned on E
, , ..., Er+

Covariance of En :

covSEn] : ESSEn-ESEn3)(En-EdEnblig (skip some steps ... )

= HrcorSin3Hm" + corSin]

= HuPrHnT + RR

- This showsup in the Kalmangaequati Thisisthe otherEn
Here's the point : One interpretation of the KF is that it is keeping truck

of the first two moments (mean and covariance) of the PDF of Im
,

and

along the way
also uses the first two moments of the PDF of ER.



-> If the PDF is Gaussian
,

it islydefinedby mean and countance ③

-> Also
,

the mean value is the maximum likelihood estimate (the peak of the MDF)

-> If the PDF is not Gaussion ,
the KF will still track tove mean & covariance

-> The KF is an attropt to track the PDF of XR and extract

a useful estimate from it (namely ,
EEXn]) and to exploit the

information in En to minimize the coveriance of the posterior PDF

-> Linear systems/transforms are nice because the mean and covariance can be

computed in closed form

Unfortunately , many (most) practical systems are not linear
,

and must be written

in terms of arbitrary nonlinear functions :

#Imm) (typically still assume E-C0, Qm and-Cona

Suppose we have a state estimate ***- ,
and want to determine in

as well as ER-1 : If noise is zero-mean
,
this is simple enough :

↳Ane
-> We can pass our estimates just fire through the nonlinearities.

-> Xis and Eve are fire as estimates
,
but they are not necessarily the

mean values of the PDF ofTh and En !

#problem : there is no closed-form expression for the Mariance

ofIn and Er when fli) and Gif are nonlinear !

-> We can develop various nonlinear filters which attempt to approximate the

PDF of In to form estimates of Tr .



We will cover three different nonlinear filters : ⑪

· The Extended Kalman Filter (EKF)
-> The EKF approximates the nonlinear f() and h() functions by

linearization (i.e ., Taylor series expansion) and then attempts to track

the mean and covariance through the linearized transformations as if the

systemmeasurement models are linear.

· The Unscented Kalman Filter (UKF)
-> The UKF approximates the mean and covariance of In through the selection

of a small set of samples calledSigma points .

"

These points are

propagated exactly through the nonlinear functions
,

and the new mean and

covariance at the outputs are computed from the Sigma points' sample
mean and covariance .

· The Particle Filter (PF)

-> The PF ouns a Monte Carlo simulation of the system state in an

attempt to track the entire PDF of the state. The PF is

robust to strong nonlinearities as well as different kinds of noise.

such as bimodal noise,
but has a heavy computational requirement.



#Extended Kalman Filter (Ch . 13) B

Remember that(almost) any nonlinear function may be expressed by
a Taylor series expansion :

f(x) = f(a) + f(x -a) + F(x -a) +...: (x -a)
-> This is true for any value of a at which f(x) is infinitely differentiable

-> It is often useful to truncate the series to get a "nice"

polynomial approximation of f(x)
,

but the approximation is only "good"

for values of X close to a

-> For the EKF
, we will truncate the Taylor expansion of f(x) to only

the constant and linear terms (a first-order expansion)
-> Partially for ease..... f(x) is an Nxl rector output with an

NX) vector input,
so Taylor series uses partial derivatives

.

It partial derivative of f(x) is the NXN Jacobian matrix
,

but higher-order derivatives require tensors
,

etc.

-> Plus ,
a first-order model will give a linear approximation that will

fit perfectly into the existing form of the linear KF !

Suppose our system is described by :

im = fre (Tr+ , Mr - 1 ,
Nr- w/p(0, Qu)

Er = hr (Yr , [m] w) m -(0 , Rm)

We can perform a first-order Taylor expansion of fre 1
w

.

r .
t

. Tr-r
,
Tro

,
and

Wr to put together on approximate model.



-> We don't actually need to linearize around up-1 ,
because Try is assumed ⑯

to be known (and if it isn't
,

we push the error intoRi)
,

and

we don't actually need Gr anyway
- We DO need to linearize aroundFr and Wit .

Whata "values

do we pick to linearize around ?

-> Pick EETm-1] : YrE and EEEm] = 0

-> Xmfrin,+ ,
0 + Em =Yn(*-1

-)+=
lin = 0

I = 0

&
= fr (*m ,

+
, 0) + Fr - 1 (yp-

- X) + Li-R+

= Fr- Xn-1 +(fr ,m, 0)
- Fr ** ) + Lee Wit

-
-
-m-1

-> Deterministic ! = wr+ - (0 ,
(r+ Qn(m- (

++
++-This is a perfect linear model !

We can pick our prior state estimate as

In = ECXn] = ESFrem + Mr+- 3 = Free fr (inr,
0) - Fr-1 n

Th,
0) -> This state estimate is the "linearized mean"

Covariance can be computed in the same way as usual :

- In = FrPFritcordnFri+QuLa



We can do the some thing to linearize the measurement model : D

En = hm(XR,n)
↓ Must limarize around both : pick Am = Ym and Up = 0

-> En [hm(Yn , 0) +-(n-At
mu -

= Hm = Mr

= hm(xn ,
0) + Hm(Xn -n) + Main

Hmm+0 - Hiri+ 10 ,
MuRmMnt

= ya - Deterministic !

-+ Om - Also a linear model !
* We aren't used to the bias yo in our

measurement model ,
but just like the control input

in the state model, it causes no problems since

it is known deterministically !

In the innovation
,

we are actually computing (En-ECER3) ,
which works

out to CER-Hui) in the linear filter.

-> But now ,
EdEn3 = ESHrYm + in + Wn] = HrXm + YR

- Hm + hm(Yn , 0) -Hmn-0)
-> so

, our innovation willbehm(*n , 0))



At this point,
we have successfully approximated both nonlinear functions ⑤

~) linear ones (i . e ., matrices Fr and Hm)
.

We can therefore

compute the measurement update step using these matrices in

the standard linear KF !

ExtendedKalman Filter

1 . Define the system model :

↳fur ,
Um

,
Wh) w/ -10 , and

Er = hm(Xm , Un) w/ R -(0 , RR)

2. Initialize the filter :

:ESTo3 and Pot = ESIXo-Xo)(Xo-Fo3

3. For R = 1
,

2, .
.

- .

9) Compute the linearized system matrices (Jacobians) :

Fr -1=D



6 .) Perform the prediction/time-update step : ⑨

* = fr -1 (X* , Try ,
0)#Pi = Fr Pr Fr + La Quit

2) Compute the linearized measurement matrices (Jacobians) :

Hm=#Mr:
d) Perform the measurement - update step :

kn = PrHn (HrPrHn + MmRmMm5)"- Or alternate form

#* = Yi + km(En-ha (xm ,
ol)

Put = (F-kuHn) Pr (I-KnHu)" + knMmRmMnkn"- Or alternate forms

Summary: The EKF lets vs use KF principles on nonlinear systems ,
but has

I↑some issues :

1. Linearization is dependent on knowledge of Fr
andR .

Poor estimates may

lead to filter divergence if errors are high or free/him are too nonlinear

2. We must be careful in deriving (and coding) the Jacobian matrices !



2. Unlike the original KF for linear systems,
we cannot make Doany

comments about the optimality of the EKF (which will generally
be fire of

any nonlinear filter).
4. Unlike the original KF,

we cannot precompute anything. The Kalman gain ,

along with the Fr and His matrices,
must be computed online

as the state estimates are formed (also generally true for

anymonlinear filter).L-> Respite its drawbacks,
the EKF is the de facto standard for common

tracking problems like navigation !

(PxPy)
Crelated to Project 2

!) X

Examplray : Tracking target ·-> Target moves in rectangular coordinates (x
, y)

-> Radar measures in polar coordinates (R , Q)

in = (i) en=m+anaVX
, R = 1

: 0
Vy , k- 1

-&update F
10 It 0

0 10 ef
-> Im : FrTm + im - Fr = / I0010

0001

->f is already linear
,

so no Jacobian necessary .



Measurements : ⑪

Not linra
En = h(

·
in) =(

Hm=/

-> He will be a Jacobian matrix. The element in row i and column ;

is the partial derivative of the ith element of h(X) with

respect to the jth element of X.

- H:
R=Retai:2

- -up andR
- (first but verify !)

- O : tan"()-0 = tan" (n)- Chain rule:.
p

-> n = py/py

-



-> Chain rule : Z:y
⑬

-)--
~

#


