
#heDiscrete - Time Kalman Filter D

Recall : RLS allows us to estimate some unknown constant rector X
-

-

where each subsequent estimateIn incorporates the measurement zo

-> Estimating In requires only Try
,
Er

,

and Prot

-> We produce a new Am and Pr to pass
forward at every

iteration

->variance Pr is always equal to 00 smaller than Purs !

-

Problem
:RLSassumesthatthe qualitytobe estentediscostm !

Problem statement : We have a
DT linear system :

-> ym = Fr- [r +
+ Gry Yp +
+

k - 1

Er = HmYm + VR

· In is an
NXI rector called thectemstate at time h

· Free is an NXN matrix called thelate tradition matrix at time Rt

· Try is an ux1 rector called theu
rector at time 1-

· Oh is an NXL matrix called the to matrix at time
ht

· Wat is an NXI vector called process noise at time h+
-

-> ER- is zero-mem ,
white Gaussim noise whNxN Arocess

coverience QR-1

-> ESEEsT3 : QuGCl-j] and win
- NO , Qual

· En is an Mxl vector called the measurement rector at time R

~Am is an MXN vector called thecement/observation matrix at time Re



·In is an MX/ rector called
-

easurement/observation noise at time m &
-> in is zero-mean

,

white Gaussian noise wh MXM-reasurementobservation covariance Ri

-> ESTREjTS : RnGLR-j] and En-N(O, Rm)

->En and is are uncorrelated for all M &C ! - EST] = 0

Timeline :

*F.
E. E,

....
E ImE In

LHz LHm-s (Hr

↳ Ze
Er-1 Er

Goal : Given our knowledge of the system dynamics,
and our knowledge of

all the measurements Eo
,
E
, ..... Em

,
we want to determine the

best possible estimate of the system state at time R-Xm

Starting Point : RLS

Recall : RLS is missed

-> In is a RV r/ESXm]
: X

->When we fuse a new measurement Em to get Ym
,

the assumption

is that ESXm-3 : X AND that ESEr] : HmY

Let's try this approach w/ a time-varying system state now...

As assumed by RLS, suppose me begin iteration R with a prior system state

estimate [m+
w/ESXm-1] = Try

,
a covariance w/ corSm] = Par

,

and a

new measurement En w/EEEm] = HuTr

Q : Can we use the RLS equations directly to getMo and Pr ?

A : No. We are no longer estimating a constant -

we are estimating a state

that may
have changed between 12-1 and R - ESTR-13 # Ym

!



Solution : We can propagate the previous state estimate (and covariance) through the B

system to get an estimate (and covariance) that do match the new

variable (in) we are trying to estimate !

-> In = Fr *n + Grum-1 Time-update equations/Prediction equations

-> p :PF Q
3

-> ESAn] : In and cording : Pr so we can now
fise these with

En using RLS equations to get a final estimate Ar and Pr !

What's with the [m/Pr and Xm/Pr ?
-> At this point,

for
any

iteration &
,

we will have two separate estimates

of Ym : One before including the measurement Em (An/Prt) and one

before including the measurement (Xmi/Pri)

-> An and Yet are both estimates of Am .

and Pr and Po are the

respective covariances of these estimates
.

One way
to think about Me andA is that they are the expected value

of the RU Am conditioned on
different sets of observed measurements :

in = ESXmIE ,
En , ..., En-13 and In = ESTIE ,

En , ..., En-Em3

Anis called thepriorit
see iscalledtheposteriorstate

- ~posteriori state covariance

a priori state covariance
-



Now can apply our RLS equations toyet the final state estimate and covariance
⑪

for iteration &

-> Main difference : in RLS
,

we fuse ER v/ XR1 and Prot to get Xm and Pr

->T is constant
,

so the "a prioi" state/covariance are just the state/covariance

from the previous iteration

-> Now
,

we must fuse Em w/p and Pr to get Am and Prt

-> Fortunately,
we can still use the same RLS equations,

we just have to

change the variables around. Therefore,
we get :

km = Pr Hm ChrPriHn + Rm)
"

= Pr
*
Hr

* Rm- &Xm = Xi + km(Em - HrXn)

Pi = (E-KnHm)Pr(l-KmHm)"+ KmRmKnT Measurement-update equations

= ((Prit" + Hm
/ Ra"Hm) "

= (I-KmHm)Pm

-updateand measurement-update steps ,
when put together,

for the

core of the DT Kalman filter algorithm.

TheDiscrete-timeHalmanFiltera equations :

*n = Fr - 1 Tr -
+ Gr+ Tr+ + Wr-

w/ covEER3
= QuXEm = Hr Tn

+ Um w/covEVn3 = Pr

-> Need to know Fr
,

Om
,

and Hm leasy) ,
Q and Rm Chader)

,

and im for all k



2. As with RLS, we must initialize the Kalman filter with an initial ⑤

guess
at the state and the covariance of our estimate :

Tot = EETo3 and Pot = covSTot]-
Note: we treat Not and Pot as a posteriou to fit it nicely into the

recursive nature of the Kalman filter despite having fused no measurements

3. For all R = 1
,

2
,

---

-, do the following :

a) The time-update (oo prediction) step :

[m = Fr + Grh-#Pr = Fr-1
Pr F + Qm-

d .) The measurement-update (or just "update") step :

km = PrHnT (HrPrHu" + Rm)"- > In the Kalman filter
,
kn is

called theulman gain:

= Pu
T Hr Rm"

Y = Xi + km(Er-HmYn)#Put = (F-kmHm)Pr (I-KnHn)" + KmRmKmT
-I

= (Pril" + HmYRm"Hr)

= (I-KmHm) Pr

See example PPT notes for some tangible intuition in how each Step

works in practice



⑯
Kalman Gail ?

One way
is to think of km as a "weighting" between the prior state estimate

Trs and the measurement Em based on confidence (i. e ..
how does Pr compare

to RR
.

or more specifically ,
now does HpPriHmT compare

to Rn

Scalar example provides extra intuition :

Suppose Im is a scalar
,

En is a scalar
,

and Hr = / (i . e
, En = An + Fr)

-> Pr and Put are scalar variances
,

as is RR

-> kn = PrHm (HmPmHr + Ra)"==En

-
Transpose doesn't Hr = /

affect scalar
Hm = /

-> An = Xi + kn(En-Em *) = int

Dirm) in+Em = in

-> In this special case.
An is a weighted Sun of Ar and Em

,

where

ESTn] : ESEn3 : An in this case only because Hm =/

-> If Pr Rm
.
At will be weighted more toward Er

-

-> If Pr > Rm
,
In will be weighted more

torad In

As PotO. -O and

As Pr +* Int= Er



As Rnt0,-1 andm = Em D
-

As RpT, TO and

If Pr = Mr, and-
How about the posterior covariance Put ?

- Pn-Ak
= -kn = -)in

convenient

/P="But

Harmonic Mean Form

-> In this special case
,

the a posteriori state covariance is the harmonic mean

of the a priori state coverance and the measurement coverience (again, only
works because Hm = 1)

-> Put is guaranted to be =Pr and <Rm

-p



#ulmanFilterPropertiesa static (i .e . Fr : I and Orlan = 0)
,

then

⑤

the Kalman filter reduces to RLS

2. The Kalman filter produces the same results as an optimal estimator acting
on all measurements Ex

..., Ep
at once

-> = ECTIYm... Em3 : ECEnIE, ... Em]

3. suppose we have an estimateAr of a system state in wh error

En = Ym-Ym . Suppose we want to minimize the weighted two-norm

ESEnTSm[m] where Sm is some positive definite matrix .

9) If the noice sequence Em and is are Gaussian ,
Zero-meal

-

uncorrelated ,
and white

,
then the Kalman filter is the solution to

-

-

the problem which minimizes the expected value of the weighted
=otwo-norm lie,

it
is
hetimal solution)

.

-

b) If win and in one zero-mean
,

unrelated,
and white, but

NOT Garsian , then the Kalman filter is the best possible
-

linear solution (i.e .,
the best estimator formulated as a linear

combination of the measurements). There may be better nonlinear

estimators
,

but the Kalman Filler is the best linear one.

2) The Kalman filter can be modified to solve the problem

if In or in are related ora

d.) Various nonlinear filters can approximate the Kalman filter for nonlinear

systems,
but with no optimality guarantee·

4. KR/Pmt can be pre-computed to save computation - Only in linear Kalman filter !



Hisassumptions :

⑨

· Model is perfectly known (Fr & Hr)

· Process & observationmrises perfectly characterized (Qu&RR)

· Firs and in are uncorrelated
,
white,

and zero-mean

· Arithmetic and matrix operations are infinite numerical precision

-> Not true in reality ! Modeling errors
,

noise characterization problems,

and

finite - precision processors

Some simple practical solutions :

1. Increasearithmetic precision

· Use double precision when you
can to reduce numerical errors

· Not always
feasible in embedded systems

2 .

Use square-root filtering
· Will cover later on

· Effectively increases provision ,
but also increases computation and mathematical complexity

3 . Symmetrize Pm - Pp-
· Some equations for Put give a mathematically symmetric Pot but not a

numerically symmetric Pot in practice
· Not a silver bullet,

but simple enough that you should always do this

4. Use a fading-memory filter
·Places priority on recent measurements

· Loses optimality but can
resture stability in practice



5. Fictitious process noise Do
· Increase Qu to model uncertainty in system model

· Allows measurements to drive system performance in the event that

our model Fp and Or are incorrect

· Will result in suboptimal performance if our model is correct

#ternateKalman Filter Representations (Ch .
6 of book)

There exist several different but matternatically identical formulations of the

DT Kalman Filter

· Nou
may

run into different formulations in the literature

· Some equivalent forms give advantages to precision/stability or computational cost
- There will always be tradeoffs !

=he Sequential Kalman Filter

Recall : En is MX1 -> Rm is MXM

-> kn = PrHnT (HmPrHm" + Rm)"requires inversion of MXM matrix

-> Can be a problem if M is large or our processor is small (iee.
embedded

Recall the scalar RLS problems from previous assignments
-> Each scalar measurement cold be processed individually with anyHe matrix (not required

to be constant) and
any

various for the different measurements

-> In theory,
we can apply the scalar RLS approach to the Kalman filter

measurement update step to process each element of Em individually ,
which

Only requires scalar operations !

BUT- Remember RLS is based on assumption that sequential measurements are uncorrelated

-> Ri must be diagonal !



#is diagonal ,
wan can process each element of En Sequentially and D

eliminate all matrix inversions

-> Useful if our processor doesn't handle inversions quickly or at all leg, low power embedded

Sequential Kalman Filter :

1. Model : An = Fr+my
+ Crypt wi wh in -10. Qm)

Er = HmTr + VR w/in- (0. Rm) -> Rm must be diagonal !

2. Initialize Not and Pot

3. Time-Update/Prediction :

* = Fry *m + Gr+ "p- 3
Ph = FRT + Qu

Edentical to regular Kalum fila

4. Measurement-Update
·Let is be the posterior estimate after the ith element of En is processed

· Let Pin be the posterior coverience after the ith element of En is processed

· Let Fir be the ith element of Er

· Let Rim be the ith diagonal element of Rm -> varEtim] = varSvin] = Rin

· Let Him be the ith row of Hm -> Zim
= Hin *m

+ Vir

a Initialize sequential processing steps :

Yot =n and Pot = P

3). For i = 1, ....,
M do the following to compute Kin

.

Yin
,

and Pin

ind
scalar inversion! Lie,

division)aI



OR Kirin Pin Hin ⑫-
#nm) A posterior state estimatei

↑+

in A posterior covariani

2. Finalize a posterior state estimate and covariance :

#Tinn und Mini Pin
What if Rp ist diagonal ? Also ,

S is

↑orthogonal + St = ST

Suppose Pr = R isconstant

-ordan form decomposition : Find S such that R = SRS" -E = S"BS

with E a Aidagonal matrix w/ eigamalies on diagonal

(note : can use (S ,
R-hat) = Jordan(R) in MATLAB)
-
-> We can always do this if R is positive definite

Let Em = S"En = Fr + En w/FS"Hm andS

E still zero-mean
,

so

corsin] : ESS : EES" (5)T3
: S"EStarJS

=
SRS : EDiagonal !

We cannormalize" Em to get a diagonal covariance !

Erand Fr : S"Hm

Then we can run the Sequential Kalman filter using Em and Fir rather than En and Hr.



-> But
, only useful if R is constant ! Jordan form decomposition is ⑬

computationally taxing and not worth doing every
iteration. If R is

-

constant
,

we can pre-computes" and Hm-

Summary : Sequential Kalman filter reduces computational load by eliminating matrix

inversion from Kalman gain . Only useful if either :#sandKalmfiltering1 . Rp is diagonal
2 . Rm = R is constant

InformationFilteringis
a measure of uncertainty ,

where larger covariance implies

less certainty -> P = - means no certainty ,
P = O means

absolute certainty

The inverse of a covariance matrix (P
-

) vs
the same thing ,

but in the

opposite direction : If P" is large ,
we have more certainty ,

and if

↑
+

is small
,

we
have less certainly

Let EEP"
be the information matrix .

-> We can modify the Kalman filter to keep track of Fr instead of Pr

Recall one form of the measurement update to covariance:

Pm = (Prit" + HrTRm"Hm)"-ut)" = En = (Prt"+ Hr"Rm"H

~A posteriori information matrix

#In + HrRn"Hm- Information matrix
measurement update

↑
- A priori information matrix

Time update?

-> Pr = Fr Pr Fr + am



-> (Prit" En = (FrPFr +Qm)"(F) "Fr+ Qu)"

D
We can use the matrix inversion lamma to (sort of) simplify ·

Recall :

(A + BD"()" = A" - A"B(D +CA"B)"CA"
-

-> Let A = Qu+ ,
B = Fre ,

C : Fri ,

and D : I* +

->Q-QuiFr(F + FrQuFr)"FrQuinformationmatr

-> Annoying ,

but we will discuss advantages shortlyy ...

TheInformation Filter :

1
.

Define system model (i . e, determine Fr
,

Gr
,
Hr

,
QR

,

and RK)

2. Initialize
: Yo = ESXo] and If = (ES(Xo-YolTo-Yotis)

3. For R = 1
,

2, ...

Y = Fry m= + Gr+ Yk-#Qui-QFm(In+ FrQuFr) "Fu Qu
Time-Update

↳HER Measurement- Update

In = Yn - kn(Er-Hr Yi) #FtHrRnHi

Okay , why the matrix inversion lemma for the time-update step ?

-> If Qm is constant
,

then QR can be precomputed .

Thus
,

this form

mas we only need to do one NXN matrix inversion at

each iterative rather than two·



What is the point of the information filter ? ⑮

-> In the standard Kalman filter
,

we must perform one
MXM matrix inversion

-> In the information filter
, assuming Ri is constant and this Rm" can be

pre-computed,
we must performtwo NXN matrix inversions

-> If M2 N,

the information filter provides major computational savings !

Another interesting benefit is that the Po = - case can be implemented

y in a program since in that case
.

Eo" = 0 !

Summary : The information filter can potentially reduce the computational load of filtering,

but requires the following conditions :#1 .

Mzz N

2. Ru is constant and Rm" can be pre-computed

-areRoot Filtering e
in depth with this here

,
as the derivations will be too time-consuming

IBig idea : Suppose Pt . /100s

This is fire mathematically
.

But because of the many
orders of magnitude difference,

But may appear singular (i . e .,
non-invertible and not a

valid covariance matrix) to

a computer with limited precision. This will break the Kalman filter.

The idea of square-root filtering is to find an Si such that Pr= Cust

-> Sir is said to be the square
root of Prt



Then
,

we keep track ofS rather than Pm". ⑯

For Put = (100) ,
S = (00y-We dable our perioa

-> The square-root filter
,

and a similar algorithm called the U-D filter,

can increase the numerical precision of the Kalman filler when

hadware constraints limit the precision. It cames at the cost

of increased computational load .

↑ derivation and more complete discussion of these filters can be found in

chapter 6 of our textbook.

Summary : Kalman Filter types

-

etmityRepresentationit -revisionAugmentationMeasurement
Procesinis

2. Information Filter 2. Square-root filler 2 . Sequential filled

3
.

U-D filler

-> We can mix and match all these types depending on our application


