
~ter 4 : Propagation of States and Covariances D

In recursive least squares (RLS)
estimation,

the goal is to estimate a

stant X from a time series of measurements ER

For many
estimation problems ,

we will be interested in estimating a rector

Yo that changes with time

-> Ofte .
In describes the state of a system-tateEstimation

In RLS
,

we keep track of an estimate An of X as well as

the covariance Pr of our
estimate

,
with Pp only being changed w/ new measurements En

-> SinceTr now changes (potentially including noise)
.

Pre will also be

modified by state transitions

#Systems have the followingDT system dynamic.

*m = Fr +
Tr

. 1
+ Gre +r+

where wis is zero-mean,

white
,

and Gassion distributed wh covarianceOn

->+ N(0 ,
Qm)

-> Fre is calledtrocess noise
and represents mudling errors in our state update

or errors in our knowledge of TR-1

-> OR is calledrocess covariance

Because of process noise. In is an RV

· Suppose EETm3 : Mr and corEXm3 : Pr

· We want to see how the mean and covariance of Im change / time



Going back to the state equation -> How does Mp change from +1 to h? &

ESTn3 = Mm = ESFr - Fa++ OmeTr + Em]

+Gr+

-> Because En is zero-mean
,

the mean value is propagated through
the

system update exactly as if it were
the true state

-> We will use this property in the Kalman filter for prediction

How does covariance Pr change from 1-1 to R ?

-> Pr = ES(Xn -Mn)(km - Mn)
+

3
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+ Gr+
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+ Emi- mm)(Fr- Ym+
+ (+ An +
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3

· ES(Fn + (Yn-
- up+ ) + wr

-
1) (Fr- ((n+

- mm + ) + wm+ )
+

3

= ESFr- (Ym-

- Mn-1)(Xn+

- Mr-1)" FRIG + EEWm+3

+ ESFn+ (Tm -1 -Mn-1)wniSt ESEm+ (*m +

-Mn-) Fri, 3

·ins
terms = O

F+ Qu
= Pr

-> Covariance is modified by Fre and then increased by QR-



· Recall that if a random rector X is Gaussian
,

then any
linear B

modification N : AX + 5 is also Gaussian

· The sum of myCassian RVs is also Gaussian

-> IfTo is Gaussian
,

and so are all wa
,

then Im will also always

be CassianSin , Pr) -> Cassions are perfectly characterized by
mean & covariance ,

so in this dense we

have full knowledge of the PDF of Tr !

Suppose Fr and On are time-invariant (Fr = F
. Qu

= Q)

If F is stable (i . e.,
all eigenvales Hill) ,

then as be the

covariance Im will approach a steady-state value :

#F

-umpledData System approximations of CT systeis

-> How can we
best approximate covariance of CT state in DT?

Recall: = Ax +Bit the noise term is new

Solution :X(tm) = eAltr-tri)Hr) + Alt-i) (BLT(T) +wildi

Let Xt = tr-tm
·

Ym = *(tm)
,

and An = Sta) Cassuming u(t) is piecewise constant

-> In = e**t* + (t Atrid
Fu = eArt On = [InAltm Td



-> Xm
: Fr+ Ym+ Omn +In Altod ⑪

Assume W(t) is zero-mean
,

white,
and Cassian

MannnEAFOmn-dae
a Dseta

Lovariance :

= ESCEmm+
+ Gym (teAltd-
-sameexpression

= FrePmFr +Ed)[tAltdi)))Altd]
- FryPmFrithAtrEGITeAtd

-> wh is white
,

so ESiCilal] = Qc(i)SCT-a

where Qc(t) is the time-varying covariance
of w(t)

-> Apply sitting property of delta function : (ax()S(T-2)da = x(T)

-> Pr :FrmFit
FrQue

-> Hard to actually calculate Quy ,
but for smallet,ultr

+


